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RICHARD DIPPER AND STEPHEN DOTY 

Abstract. We extend the family of classical Schur algebras in type A, 
which determine the polynomial representation theory of general linear 
groups over an infinite field, to a larger family, the rational Schur alge- 
bras, which determine the rational representation theory of general linear 
groups over an infinite field. This makes it possible to study the ratio- 
nal representation theory of such general linear groups directly through 
finite dimensional algebras. We show that rational Schur algebras are 
quasihereditary over any field, and thus have finite global dimension. 

We obtain explicit cellular bases of a rational Schur algebra by a de- 
scent from a certain ordinary Schur algebra. We also obtain a description, 
by generators and relations, of the rational Schur algebras in character- 
istic zero. 



Introduction 

A theme of contemporary representation theory is to approach representa- 
tions of infinite groups (e.g. algebraic groups) and related algebraic struc- 
tures through finite-dimensional algebras. For instance, the polynomial rep- 
resentation theory of general linear groups over an infinite field has been 
profitably studied from this viewpoint, through the Schur algebras. In that 
particular case, the efforts of various researchers culminated in [El, Theorem 
2.4], which showed that the problem of computing decomposition numbers 
for such general linear groups is equivalent to the same problem for sym- 
metric groups. (Half of that equivalence was known much earlier; see [Jam 
Theorem 3.4].) 

The aim of this paper is to extend the classical Schur algebras Sxin, r) to a 
larger family Sxin; r, s) of finite-dimensional algebras, enjoying many similar 
properties as the Schur algebras, which can be used to directly approach all 
the rational representations (in the defining characteristic) of the general 
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linear groups over an infinite field, in the same way that the classical Schur 
algebras approach the polynomial representations. 

The paper is organized as follows. In ^ of the paper, some general lem- 
mas, needed later, are proved. The reader should probably skip §1 and refer 
back as needed. We formulate the main definitions and formalisms, along 
with some basic results, in §[|2H3l These two sections may be regarded as an 
extension of Green's book |G2j to the more general context considered here. 
One new feature is the emergence of an infinite dimensional algebra SK{n)z 
which is useful for grading the rational representations of the general linear 
group GLn{K) [K an infinite field). These infinite dimensional algebras are 
obtained as an inverse limit of rational Schur algebras, and they may be of 
independent interest. Moreover, each rational Schur algebra S'j^(?t,; r, s) is a 
quotient of SK{n)r-s- For fixed n ^ 2, as r, s vary over the set N of non- 
negative integers, the family of Sxin; r, s)-modules is precisely the family of 
rational GL„(i^)-modules. 

In §1] we give some combinatorial descriptions of the set vr = A'^{n;r,s) 
of dominant weights defining each rational Schur algebra. In ^ we show 
that the rational Schur algebras are generalized Schur algebras, in the sense 
of [Doj . It follows that rational Schur algebras are always quasihereditary 
when taken over a field, so have finite global dimension. In ^ we describe 
how to obtain cellular bases for rational Schur algebras, by a descent from 
an ordinary Schur algebra. In ^ we formulate a presentation of Sxin; r, s) 
by generators and relations (when K has characteristic zero) along the same 
lines as the earlier result |DG2j for Sxi^n, r). 

In ^ we consider Schur-Weyl duality and describe the action of a certain 
algebra QSr^i centralizing (in characteristic zero) the action of the general 
linear group GLn{K) on mixed tensor space E^"^^ ® EJ^*^*. Thus we can 
regard 5'x(n;r, s) as the centralizer algebra 

^^(n;r,s)=End^,„,(Ex^'-®E;,®^) 

at least when n ^ r + s and K has characteristic zero. The restrictions (on 
characteristic and n) are believed unnecessary. 

1. General lemmas 

1.1. Let r be any semigroup and K an infinite field. Denote by the K- 
algebra of i^-valued functions on F, with product //' of elements /, /' G 
given by s — > /(s) f'{s) for s G F. Given a representation r : F — > Endx(y) 
in a. K vector space V, the coefficient space of the representation is the 
subspace cfr V of spanned by the coefficients {rab} of the representation. 
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The coefficients rab G K are determined relative to a choice of basis Va 
(a e I) for V by 

(l-l-l) r{g)vb = ^rab{9)va 

for g E T, b E I. The envelope of the representation r is the subalgebra of 
Endif(y) generated by the image of r. As we shall show below, the notions 
of coefficient space and envelope, associated to a given representation r, are 
dual to one another, at least when V is of finite dimension. 

To formulate the result, let AT be the semigroup algebra of F. Elements 
of KF are sums of the form X^^^gr '^g9 i'^a ^ ^) with finitely many Gg ^ 0. 
The group multiphcation extends by hnearity to KT. Note that KT is also 
a coalgebra, with comultiplication given on generators hj x ^ x ^ x, and 
counit by a; ^ 1, for x E T. The given representation r : F ^ Endx(V^) 
extends by linearity to an algebra homomorphism KT — > Endx(V"); denote 
this extended map also by r. Obviously the envelope [V]r is simply the image 
T{Kr). In other words, the representation r factors through its envelope: 
there is a commutative diagram 

KF > End^(y) 

(1.1.2) 

[^]r 

in which the leftmost and rightmost diagonal arrows are a surjection and 
injection, respectively. Taking linear duals, the above commutative diagram 
induces another one: 

(KT)* ^ End;^(y)* 

(1.1.3) 

There is a natural isomorphism of algebras (KT)* ~ K^, given by restricting 
a linear i^- valued map on KT to F; its inverse is given by the process of 
linearly extending a AT- valued map on F to KT. Note that the algebra 
structure on {KT)* comes from dualizing the coalgebra structure on KT. 
Now we are ready for the aforementioned result. 

Lemma 1.2. The coefficient space cfr(V^) may be identified with the image 
of T* , so there is an isomorphism of vector spaces [T^]r* — cIyV . Moreover, 
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ifV has finite dimension, then [V]r — (cfr V)* , again a vector space isomor- 
phism. In that case {dimx V < oo) the first isomorphism is an isomorphism 
of coalgebras and the second is an isomorphism of algebras. 

Proof. We prove the first claim. Relative to the basis Va {a G /) the algebra 
EndxiV) has basis Cab {a,b G /), where Cab is the linear endomorphism of 
V taking Vb to Va and taking all other Vc, for c 7^ 6, to 0. In terms of this 
notation, equation (ll.l.ip is equivalent with the equality 

(1.2.1) T{g)= J2^ab{9)eab. 

a,bel 

Let e^^ be the basis of EndKiV)* dual to the basis Cab, so that e'^^ is the linear 
functional on Endi^(V) taking the value 1 on Cab and taking the value on 
all other Ccd- Then one checks that r* carries e^^ onto r^fe. This proves that 
cfr(V^) may be identified with the image of r*. From the remarks preceding 
the statement of the lemma, the rest of the claims now follow immediately. 
Note that the coalgebra structure on [V]r* is that induced by dualizing the 
algebra structure on [V]r, and similarly, the algebra structure on (cfr V)* is 
induced by dualizing the coalgebra structure on cfr V. (See the discussion 
following 13.11 ahead for more details on the latter point.) □ 

Remark 1.3. The first statement of the lemma shows, in particular, that 
the coefficient space of a representation does not depend on a choice of basis 
for the representation. 

We include the following lemma since we need it later and we are unaware 
of a reference. 

Lemma 1.4. (a) Suppose T is a group. For any finite dimensional KT- 
module V we have an isomorphism (cfr(V*))°PP ~ cfr(V) as coalgebras. 

(b) Given a coalgebra C , let (^"pp be its opposite coalgebra. Then ((7°^^)* ~ 
(C*)°PP as algebras. That is, the linear dual of the opposite coalgebra may 
be identified with the opposite algebra of the linear dual. 

Proof, (a) The isomorphism is given by Tab — Tab where the Tab G are 
the coefficients of V. The Vab satisfy the equations 

(1.4.1) 9Ub = ^aeI^'^b{g)Ua 

for all g G F, where (ub) {b G /) is a chosen basis of V. The Tab are the 
coefficients of V* with respect to the dual basis, satisfying rab{g) = rab{g~^) 
for all G F. 

The Tab span cfr(V^) and satisfy 

(1.4.2) A{rab) = Ecei^<^c^r^b 
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for each a,b G I. A calculation shows that the rat (which span cfr(V^*)) 
satisfy 

(1-4.3) A{rab) = Ec6/^c& (H) Tac. 

The opposite coalgebra structure is the one in which the tensors on the right 
hand side of the preceding equality are reversed in order. This proves part 

(a) of the lemma. 

(b) This is easily checked and left to the reader. □ 
2. The categories AlK(n;r, s), MK{n)z 

2.1. Let n ^ 2 be an integer and K an arbitrary infinite field. Henceforth 
we take T = GLn{K), the group of nonsingular n x n matrices with entries 
in K. The vector space of X-valued functions on F is naturally a (com- 
mutative, associative) i^-algebra with product //' of elements /, /' G 
given by s f{s) f'{s) for s G F. The group multiplication F x F ^ F and 
unit clement 1 — > F induce maps 

(2.1.1) K^x^, K 
given by 

(2.1.2) A{f)^[{s,t)^f{st), s,teTl £(/) = /(l) 

and one easily checks that both A, e arc /T-algebra maps. There is a map 
(tensor products are always taken over K unless we indicate otherwise) 

(2.1.3) ^ K^""^ 

determined by the condition / ® /' [(s, t) f{s) f'{t), all s, t G F]. This 
map is injective and we use it to identify (g) with its image in K^^^. 
Thus we regard ® subspace of K . 

2.2. We will need certain elements of K^. For 1 ^ i,j ^ n, let Cij G 

be defined by Cij{A) = the entry of the matrix yl G F. Similarly, let 
Cij G be defined by Cij{A) = Cij{A~^) for A eV. Let d G be given 
by d(A) = detA for AeT. Note that d"^ G K^; that is, d is an invertible 
element of K^. The assumption that K is infinite ensures that the {cj^} are 
algebraically independent amongst themselves; similarly for the {Cjj}. By 
elementary calculations with the definitions one verifies: 

(2.2.1) A(cij) = ^ Cife Ckj] e{cij) = 

k 

(2.2.2) A(cij) = ^ Ckj ® Cik] e{cij) = 
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(2.2.3) A(d)=d®d; e(d) = 1. 

Here 6 is the usual Kronecker delta: 6ij is 1 if i = j and otherwise. 
By applying Cij to the usual expression in terms of matrix coordinates for 
gg^^ = 1 = g^^g {g G F) one verifies that 

(2.2.4) ^ ^ ^ik^kj ^ij ^ ^ CjfcCfcj . 

k k 

The following formal identities also hold: 

(2.2.5) d= ^ sign(7r)ci,„(i)---c„,^(„); 

Treen 

(2.2.6) d"^ = sign(7r) Ci,^(i) ■ ■ ■ c„,^(„) 

where sign(7r) is the signature of a permutation vr in the symmetric group 
&n on n letters. 

2.3. By Cramer's rule, each Cij is expressible as a product of d^^ with 
a polynomial expression in the variables Cij (1 ^ i,j ^ n). Thus, the 
subalgebra Axin) of generated by all Cij together with d^^ coincides 
with the subalgebra of generated by the all Cij and all c^-. From formulas 
fl2XT|) and i^:^T2\i it follows that AAxin) C Axin) (g) i/f (n); hence i/f (n) 
is a bialgebra with comultiplication A and counit e. Actually, Axin) is a 
Hopf algebra with antipode induced from the inverse map F — >^ F; by f l2.2.4p 
the antipode interchanges Cij and Cj^. As Hopf algebras, we identify Axin) 
with the affine coordinate algebra -ft'fF]. Let Ax{n) be the subalgebra of 
Axin) generated by all Cij; this is the subspace spanned by all monomials 
in the Cij and it we identify it with the algebra of polynomial functions on 
F. Clearly, Axin) is the localization of Axin) at d. 

2.4. Given nonnegative integers r, s let Ax{n] r, s) be the subspace of Ax{n) 
spanned by all products of the form Yli j{.^ijY'^ Hi )'''■' ^^^h. that ^ aij = 
r and ^ bij = s. Then Ax{n; r, s) is for each r, s a sub-coalgebra of Ax{n). 
(Use the fact that A is an algebra homomorphism.) 

Clearly Ax{n) = J^rs^Kin-jVjs). Because of fl2.2.4p this sum is not 
direct; in fact for any r, s we have for each 1 ^ i ^ n inclusions 

(2.4.1) Ax{n;r,s) C Ax{n;r + l,s + l) 

since by (12.2.41) any / G Ax{n;r,s) satisfies / = fJ2k^ik^ki and / = 
/ CikCki, and the right hand side of each equality is a sum of members of 
Axin;r + l,s + l). 
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2.5. Let l{n,r) denote the set of all multi-indices such that 
each ia lies within the interval for a = l,...,r. Set I{n;r,s) = 
I{n,r) X I(n,s). Given a pair (/, J) of elements of I(n;r, s), say / = 
((zi, . . . , v), . . . ,i'J), J = ((ji, . . . ,>), . . . , iO), we write 

(2.5.1) c/,j = c,^ J, ■ ■ ■ c,^,jv j; ■ ■ ■ Ci^j^ 

which is an element of Axin; r, s). In fact, the set of all such elements c/^j 
spans AK{n; , r, s) as (/, J) vary over I(n; r, s) xl(n; r, s). When working with 
this spanning set, one must take the following equality rule into account: 

(2.5.2) Cjj = CL,MiiiI,J)--iL,M) 

where we define (/, J) ~ (L, M ) if there exists some (a, r) in x &s 
such that I{a, r) = L, J{a, r) = M. Here &r x acts on the right on 
I{n] r, s) = I(n, r) x I[n, s) by 

((il, . . . , V), (i'l, . . . , Z'J)((T, r) = ((V(i), . . . , V(r)), «(1), • • • , i'r{s))) 

The equality rule above states that the symbols cj^j are constant on &r x &s- 
orbits for the above action of &r x ©s on I{n] r, s) x I[n] r, s). 

Even after taking this equality rule into account, the spanning set de- 
scribed above is not a basis of AK{n;r, s), since the set is not linearly in- 
dependent. One could obtain a basis of 'bideterminants' for Axin; r, s), by 
dualizing the procedure in ||6] ahead. 

2.6. Bidegree and degree. We let 7W/f(n;r, s) denote the category of fi- 
nite dimensional KF-modules V whose coefficient space cfr(V^) (see ll.ip lies 
in Ax{n;r,s). (The morphisms between two objects V,V' in A^j^(n;r, s) 
are homomorphisms of i^T-modules.) Objects in A4i<-(n;r, s) afford ratio- 
nal representations of the algebraic group F = GLn{K). In fact, the rational 
representations of F are precisely the i^TF-modules V for which cfr(^) is 
contained in Axin). We call objects of A^i<-(?7,; r, s) rational representations 
of F of bidegree (r, s) . Note however that the bidegree of a rational repre- 
sentation is not well-defined, since if V is an object of (n; r, s) then V is 
also an object of J^xi^; r + 1, s -|- 1). But it is easy to see that every finite 
dimensional rational i^TF-module has a unique minimal bidegree; this is the 
bidegree (r, s) such that V belongs to Mxin; r, s) but V does not belong to 
MK{n;r - l,s - 1). 

Given an integer 2; ^ set ^^(n)^ = IJt>o ^K{n; z+t, t) and set AK{n)^z = 
[Jj>g Axiri] t,z + t). Then there is a direct sum decomposition 



(2.6.1) 



AK{n) = ®,^zMri)z 
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and each summand in this decomposition is a sub-coalgebra of Ax{n). A 
finite dimensional rational -ftT-module is said to be of rational degree 2; G Z 
if its coefficient space lies in AK{n)z. Note that if is a homogeneous 
polynomial module of degree r then its rational degree is also r. Thus the 
notion of degree just defined for rational modules extends the corresponding 
notion as usually defined for polynomial representations. 

If V is infinite dimensional such that is a union of finite dimensional 
rational submodules each of degree then we say that V has degree z. 

Let MK{n)z be the category of rational i^T- modules V of (rational) de- 
gree z, for any z G Z. (Again morphisms are just i^T-module homomor- 
phisms.) Obviously A^i^(n; r, s) is a subcategory of A^x(^)r-s for any r, s. 

The equality Axin) = J2r s^K^n^r, s) shows that as r,s vary, the cate- 
gories A^x(n; r, s) taken together comprise all of the rational representations 
of r. We have the following more precise result (compare with |G2t (2.2c)]). 

Theorem 2.7. Let V be a rational KT-module. 

(a) V has a direct sum decomposition of the form V = ©^g^ V^, where 
is a rational KV-suhmodule ofV of degree z. 

(b) For each z G Z, is expressible as a union of an ascending chain of 
rational KT -submodules as follows: 

(i) If z ^ then is the union of a chain of the form \4,o C Vi+1,1 C 

• • • C Vz+t,t C ■ ■ ■ where each Vz+t,t is a rational KT-module of 
bidegree {z + t,t). 

(ii) If z ^ then Vz is the union of a chain of the form Vq-z C Vi-z+i C 

■ ■ ■ C Vt-z+t C ■ ■ ■ where each Vt-z+t is a rational KT-module of 
bidegree (t, —z + t). 

Proof, (a) The decomposition in (a) follows from a general theorem on co- 
modules; see |Glt (1.6c)]. 

(b) Let Vr^s in case r — s = 2; be the unique maximal iiTF-submodule of 
such that cfr K-,s C Axiji] r, s). □ 

In other words, part (a) says that every rational representation of G\-n{K) 
is a direct sum of homogeneous ones, where we call objects of M.K{n)z 
(2 G Z) homogeneous of (rational) degree z. 

3. The rational Schur algebra SK{n;r,s) 

Theorem 12.71 shows that each indecomposable rational i^T-module V is ho- 
mogeneous; i.e., V G J^K{n)z for some z & Z. Thus one may as well 
confine one's attention to homogeneous modules. Set SK{n)z = (^^(n)^)*. 
Since AK{n)z is a ii"-coalgebra, SK{n)z is a ii'-algebra in the standard way. 
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The algebra Sxinjz is in general infinite dimensional. Since our main goal 
is to approach the rational representations of F through finite dimensional 
algebras, we make the following definition. 

Definition 3.1. The rational Schur algebra^ denoted by Sxin^r, s), is the 
i^'-algebra AK{n; r, s)* = Homx(^x('T-; s),K), with multiplication induced 
from the coproduct A on Axin; r, s). 

The product of two elements ^, ^' of Sxin] r, s) is computed by first taking 
the tensor product ^ C>?> ^' of the two maps. This gives a linear map from 
Axin; r, s) ® Axin; r, s) to K (S) K. By identifying K ® K with K we regard 
the map ^ ® ^' as taking values in the field K\ it is customary to write 
for this slightly altered map. Finally, by composing with A we obtain 
a linear map from Axin^r^s) to K\ i.e., an element of Sx{n]r, s). So the 
product is given by 

(3.1.1) a' = (e®n°A. 

Products in Sxin)^ are computed in a similar way. 

Since Axiji', r, s) is defined by a finite spanning set, it and its dual Sx{n; r, s) 
are finite dimensional, for any r, s. Note that the restriction of e to Ax{n; r, s) 
is the identity element of Sx{n; r, s). 

For each r,s the inclusions Ax{n;r,s) C Ax{n)r-s and f|2.4.ip induce 
surjective algebra maps 

(3.1.2) Sx{n)r-s ^ Sx{n;r,s), Sx{n]r + 1, s + 1) ^ Sx{n]r, s). 

In fact, for 2 G Z it is clear Ax{n)z is the union of one of the two chains 

^ Ax{n; z,0) C Ax{n;z + 1,1) C ■■■ , 

Ax{n; 0, -z) C Ax{n; 1, 1 - 2;) C • • • 

according as 2 ^ or ^ ^ 0. It follows that Sx{n)z is the inverse limit of 
the corresponding dual chain of rational Schur algebras 

{lim Sx{n] z + t,t) ii z ^ 0; 
lim bx{n; t,t — z) n z ^ (j. 

Since the rational Schur algebras determine the algebras Sx{n)z in this sim- 
ple way, it makes sense to focus our attention on them instead of the more 
complicated infinite dimensional Sx{n)z- 
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3.2. J. A. Green |G2j formulated the notion of a (classical) Schur algebra 
Sxin, r) for T = GLn{K), extending some results of Schur's dissertation from 
characteristic zero to arbitrary characteristic. By definition, Sxiuyr) is the 
linear dual of a coalgebra AK{n,r)] here AK{n,r) is simply the span of all 
monomials in the of total degree r. Note that the classical Schur algebras 
in Green's sense are included among the rational Schur algebras: the classical 
Schur algebra Sxin^r) is just the rational Schur algebra S'ft:(?T,; r, 0). This 
follows immediately from the equality A^in, r) = Axin; r, 0). 

3.3. Following |G2l 2.4], for each g E T let Cg E SK{n;r,s) be determined 
by eg{c) = c{g) for any c G Axin; r, s). We have CgCg' = Cggi for any g, g' G F; 
moreover, ei = e. Thus by extending the map g —>■ eg linearly one obtains a 
map e : KT —>■ Sxin; r,s), a homomorphism of i^'-algebras. 

Any / G has a unique extension to a linear map / : KT — > K. 
As discussed in ^11 this gives an identification ~ {KT)*. With this 
identification, the image of an element a = g of KT under e is simply 
evaluation at a: e{a) takes c to c(a) for all c G AK{n] r, s). 

Proposition 3.4. (a) The map e : KT S'/<(n;r, s) is surjective. 

(b) Let f G . Then f G AK{n; r, s) if and only if /(ker e) = 0. 

(c) Let V be a finite dimensional KT -module. Then V belongs to Aixin; r, s) 
if and only if (ker e)V = 0. 

Proof. See [G21 2.4b,c]. The arguments given there are also valid in the 
current context. □ 

The proposition shows that the category A4K{n; r, s) is equivalent to the 
category of finite dimensional 5'x(n; r, s)-modules. An object V in either 
category is transformed into an object of the other, using the rule: 

(3.4.1) av = e{a)v, {a G KT, v eV). 

Since both actions determine the same algebra of linear transformations on 
V, the concepts of submodule, module homomorphism, etc., coincide in the 
two categories. 

3.5. Let Ex be the vector space K^, regarded as column vectors. The 
group F = GL„(i^') acts on E^, on the left, by matrix multiplication; this 
action makes into a rational i^'F-module. The linear dual space = 
Homx(Ex,-f^) is also a rational KF-module, with g eT acting via (gf) = 
b ~^ f{9^^'")j'v ^ Ex]. Now if Vj (1 ^ i ^ n) is the standard basis of E^, 
i.e. Vj is the vector with a 1 in the ith position and elsewhere, and if v- 
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(1 ^ z ^ n) is the basis dual to the Vj, then we have 



(3-5.1) gyj = Cij{g)yi, gy[ = ^ Cij(^)v^. 




which shows that cfri^x) is the subspace of spanned by the Cjj and 
cfr(E|f ) is the subspace of spanned by the Cjj. Thus cfr(E/^) = Ak^ti; 1,0) 
and cfr(E|^) = ii^(n;0,l). 

It is well known that coefficient spaces are multiplicative, in the following 
sense: if V, W are two representations of F, then cfriV^W) = (cf r V) (cf r W) , 
where the product is taken in the algebra . From this and the preceding 
remarks it follows immediately that 



i.e., the rational Schur algebra in bidegree r,s may be identified with the 
envelope of the representation of F on mixed tensor space Ek^'^ := Ek'^^ ® 
E|^®''. So we may identify SK{n;r,s) with the image of the representation 



3.6. Next we obtain an alternative description of the rational Schur alge- 
bras, as a quotient of the hyperalgebra Hk- This will ultimately lead to a 
proof that rational Schur algebras are generalized Schur algebras. 

Set iiq = ii(Q(g[„), the universal enveloping algebra of the Lie algebra 
g[„, over the rational field Q. The space Eq is naturally a iiq-module, with 
action induced from the F-action (the action of gl„ is given by left matrix 
multiplication if we view elements of Eq as column vectors). The dual space 
Eq is also a llQ-module in the usual way, by regarding it as the dual module 
for the Lie algebra gl„, with action 

(x ■ f){v) = -f{xv), all X G g[„,/ G Eq,^; G Eq; 

(this is the action induced from the F-action), and so Eq^'"* = Eq®*" (g) E^^^ 
is naturally a ilQ-module. 

It follows from the Poincare-Birkhoff-Witt theorem that Kq is generated 
as an algebra by elements (which we shall denote by the same symbols) 
corresponding to the matrices Xij (1 ^ i,j ^ n) in 0[„. Here, for any 
1 ^ i,j ^ n, Xij = {SikSji)i^k,i^n is the n x n matrix with a unique 1 in 
the ith row and jth column, and elsewhere. We set Hi := Xu for each 




(3.5.4) 



PK-.KT^ End;,(E;,^'^). 
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i = 1, . . . ,n. We shall need the Kostant Z-form iXz, the subring (with 1) of 
iiq generated by all 

(3.6.1) ^ (l^^^j^n); (^') (l^z^n) 

for any integers p,q ^ 0. 

Set = = ilzvi (note that vi G Eq is a highest weight vector). 
The Z-module E^ is an admissible lattice in Eq; similarly its dual space 
EJ = Hom2(Ez,Z) is an admissible lattice in Eq. We have the equalities 
E^ = ^Zvj and E^ = Xl^^I- clear that there are isomorphisms of 

vector spaces 

(3.6.2) Ek ^ Ez (E)z K; E^ ^ E* 

for any field K. This induces an isomorphism of vector spaces 

(3.6.3) E;,'-'^ ^ E/'^ ®z K 

where E^'^''' = E^^'' ®z EJ^' for any r, s. For any field i^, set iXx = ®z K. 
We have actions of on E|^, E/^'"''* induced from the action of ilz on 
Ez, Eg, Ez'"''* by change of base ring. Let 

(3.6.4) ^K-.^K-^ Endi^(E,^'^'^) 

be the representation affording the ili^-module structure on Ek^'^ . 

Proposition 3.7. For any infinite field K , the rational Schur algebra Sxin; r, s) 
may be identified with the image of the representation (fx '■ ^T^dxiEx^''^) . 

Proof. This is essentially the Chevalley group construction. Each G iiz 

(1 ^ i 7^ j ^ n) induces a corresponding element ® 1 of Hk- For t E K 
and each i ^ j let Xij{t) be the element / + tXij of SL„(i^), where / is 
the n X n identity matrix. The action of F = GL„(i^') on E/^^'* is given by 
the representation px of fl3.5.4p . The element Xij{t) acts on Ek^''^ as the 
/T-linear endomorphism pK{xij{t)), where 

(3.7.1) PKixiM = ^^j^^t>^(^ 1). 

The sum is finite because Xij acts nilpotently on E^^'*. Hence for each fixed 
i ^ j there exists a natural number such that 

vN 

(3.7.2) PK{xij{t)) = 1 + ty^KiXi, ® 1) + ■ ■ ■ + t^</^x( J-) ^ 1) 

for all t E K. Choosing A^+1 distinct values to, ti, . . . ,tM for t in K (which is 
always possible since K is infinite) we can solve the resulting linear system, 
by inverting the Vandermonde matrix of coefficients, to obtain equalities 

(3.7.3) Vk{-^ ® 1) = Y.k(^rnkPK{Xij{tk)) 
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for certain amk G K. 

The elements Xij(t) {1 ^ i j ^ n, t E K) generate the group SL„(_ft'). 
Equations (I3.7.1I) show that the image pK{KSLn{K)) is contained in ipxi^K) 
where 11^ is the i^-subalgebra of Hk generated by all 1. On the other 
hand, equations fl3.7.3p justify the opposite inclusion. Thus we have proved 
that 

(3.7.4) pk{KSK{K)) = (px(itx)- 

For the algebraic closure K of K the group GLn{K) is generated by SL„(i^) 
together with the scalar matrices. Since the scalar matrices act as scalars 
on E-^''''' we have the equality p-i^{KGLn{K)) = pj^^KSLniK)) , as the scalar 
operators are clearly already present in pj^{KSLn{K)). For general (infinite) 
K we have by construction equalities of dimension: 

duRK Pk{KSK{K)) = dim^p^(ZSU(Z)); 

dilRK PK{KGLn{K)) = dim^/^(ZGU(Z)) 

and hence the natural inclusion pK{KSLn{K)) C pK{KGLn{K)) must be an 
equality. 

Moreover, Hk is generated by il^ along with the elements ® 1. By 
restricting (px to the isomorphic copy of il(0[2) generated by X^, Xji, Hi, 
and Hj (for i j) one can show by calculations similar to those in |DGlj 
that the Vk{{^) ® 1) are already present in ipk{^'k)- (See also 16.41 ahead: 
this justifies the applicability of jPCjlj .) It follows that y9x(ii^) = ^9/^(11^^), 
and the proof is complete. □ 

We note that the algebra ii'j^ appearing in the proof is simply the hyper- 
algebra of sin, obtained from the Kostant Z-form of Uq^sln) by change of 
base ring. The above proof reveals also the following. 

Corollary 3.8. For any infinite field K, SK{n;r,s) is the image of the 
restricted representation KS\-n{K) Endii:(Ex'^''*)- This may he identified 
with the image of the restricted representation il'^ — > End/^(E;^^''*). 

The inverse anti-automorphism g —>■ g^^ on F induces the following result, 
which in particular says that S'7^(n;0, s) is isomorphic with the opposite 
algebra of the ordinary Schur algebra Sxin, s). 

Proposition 3.9. Let K he an infinite field. For any n,r,s we have an 
isomorphism Sxin; r, s)°pp ~ Sxin; s, r). 

Proof. Clearly we have an isomorphism {Ek^'^)* ~ E^^'**, as rational i^F- 
modules. Applying Lemma 11.4( a) to = Ei^^'*^ we obtain an isomorphism 
of coalgebras (cfr(Ei^'''*))°PP ~ cfr Ei^'^'''. Thus we have an isomorphism 
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of coalgebras /l/^(n; r, s)°pp ~ Axin; s,r), and the result follows by taking 
linear duals, using Lemma 11.4( b). □ 

4. Weights of MKin;r,s) 

4.1. Elements of the diagonal torus T„ = {diag(ti, . . . G GL„(i^')} act 
semisimply on any object of the category J^K{n;r, s), where the action is 
the one obtained from the action of F = GL„(i^) by restriction. Given an 
object V in A^x(n; r, s), in particular is a rational iiT-module, so is a 
direct sum of its weight spaces: 

(4.1.1) ^ = 

AeZ" 

where Vx = {v G V : diag(ti, . . . ,tn)v = ■ ■ - t^" v}. Here we write A for 
the vector (Ai, . . . , A„) G Z". The set of A for which Va 7^ is the set of 
weights of V. 

Alternatively, the weights may be computed by regarding as a il^- 
module. Here the zero part il^^ acts semisimply on V. Moreover, it^^ = 
K and il^ is generated by all [m ^ 0), so the action of il^^ on 
any V is determined by the action of i/j C?) 1, for i = 1, . . . , n. So = V\ 
where V\ = {v & V \ {Hi ® l)v = XiV, for alH = 1, . . . ,n}. One easily 
checks that the weights (and weight spaces) in this sense coincide with the 
weights in the sense of the preceding paragraph. 

A weight A G is dominant (relative to the Borel subgroup of upper 
triangular matrices in F) if Ai ^ A2 ^ ■ ■ ■ ^ A„. The Weyl group &n acts 
on by index permutation, i.e. a X = (Ao--i(i), . . . , Ao-i(„)), and the set of 
dominant weights is a set of representatives for the orbits. 

Not every element of Z" can appear in the set of weights of an object of 
A4K{n;r, s). The following result describes those weights that can appear. 

Lemma 4.2. Let A{n;r,s) be the set of all A G Z" such that Yli^i '■ > 
0} = r — t and ^{Aj : A, < 0} = t — s for some t, ^ t ^ min(r, s). Let 
A~^{n; r, s) be the set of dominant weights in A{n; r, s). 

(a) Let V be an object of M.j^{n;r^ s) . The set of weights of V is contained 
in A(n; r, s) . The set of weights of E^^'^ is A(n; r, s) . 

(b) Let TT be the set of dominant weights ofEx'"'^, as in the preceding section. 
Then tt = A"'"(n; r, s). 

Proof. Let be the standard basis of Z". The weight of Vj is Si, 

so the weight of v- is — e^. Thus, in the notation of 12.51 for a pair (J, J) G 
I(n; r, s) = I(n, r) x I(n, s) the weight of 

V7,j := Vj^ (g) ■ ■ ■ (g) Vj^ v'j^ ® ■ ■ ■ (g) y'j^ 
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is A G Z" such that Aj is the difference between the number of occurrences 
of Vj and the number of occurrences of m[ in the tensor v/ j. So such tensors 
form a basis of weight vectors for E^'^''*- The second claim in part (a) follows 
immediately. And part (b) follows from the second claim in (a). 

Now let V be an object of A^x(^; s). The weights of V are independent 
of characteristic, so without loss of generality we may assume that K = C 
Then V is completely reducible (all rational GL„(C)-modules are completely 
reducible) . 

The simple S'c(?t-; r, s)-modules are the simple factors of Ec^'**, so their 
highest weights lie in vr = A"'"(n; r, s) and their weights lie in A(n; r, s) since 
A(n; r, s) is stable under the Weyl group. Thus the weights of V lie in 
A(n; r, s). This proves the first claim in (a). □ 

Remark 4.3. The description of vr = A+(?T,;r, s) in the preceding lemma 
can be used to give a combinatorial proof that the set vr is saturated, in 
the sense used by Donkin [Do] . This means that if G vr and A < /i (in 
the dominance order on Z"; see §6.21 ahead) for some dominant A, then 
A G TT. That this property holds for the set vr is obvious, however. Indeed, 
7r is the set of weights of the module Ec^'"* in A^c(n;r, s), and thus is a 
union of sets of weights of its simple factors. That the set of weights of 
a finite dimensional simple rational CF-module is saturated is well known, 
and unions of saturated sets are clearly saturated. 

There is an alternative description of the set A(n; r, s). Let A be an element 
of Z". A proper partial sum of Aj's is a sum of the form Aj^ + Ajj H — ■ + Aj^., 
where ii, i2, . . . ,ik are distinct integers in the interval [l,n], < k < n. 

Lemma 4.4. A{n] r, s) is the set of all A G Z" satisfying the conditions 
(a)Yj^i=f- s; 

(h) P E [— s, r], for all proper partial sums P of Aj 's. 

Proof. Suppose A G A(n;r, s). Then A G Z" and Xll-^* : Aj > 0} = r — t, 
^{Aj : Aj < 0} = t — s, for some ^ t ^ min(r, s). In particular, ^ A, = 
r — s. Let P be a proper partial sum of Aj's. Write P = P+ + P^ where 
P"*" is the sum of the positive contributions to the sum P and P~ is the 
sum of the negative contributions. If there are no positive (resp., negative) 
summands in P, then P"*" (resp., P~) is defined to be 0. Then one easily 
sees that P+ G [0,r], P G [-s, 0], and so P G [-s,r]. 

On the other hand, if A satisfies conditions (a), (b) above, then in partic- 
ular : Aj > 0} G [0,r] and J^i^i : Aj < 0} G [— s,0]. Consequently, 
^{Ai : Ai > 0} = r - t for some < t ^ r and ^{A^ : A^ < 0} = t' - s 
for some ^ t' ^ s. But putting the two sums together must give r — s, so 
t = t' and ^ t ^ min(r, s). The proof is complete. □ 
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4.5. There is a bijection between dominant weights and certain pairs of 
partitions. Given a dominant weight A G Z", let a pair (A+, A~) of partitions 
be determined as follows: 

(1) A"*" = (Ai, . . . , Aj) where Aj is the rightmost positive entry of A; if A 
has no positive entries then A"*" is the empty partition. 

(2) A^ = (— A„, . . . , — Aj) where A-,- is the leftmost negative entry of A; if 
A has no negative entries then A~ is the empty partition. 

In other words, A"^ is the partition of the positive entries in A and A~ is the 
partition obtained from the negative entries by writing their absolute values 
in reverse order. The reader may easily check that this procedure defines 
a bijection between the set of dominant weights and the set of pairs of 
partitions of total length not exceeding n. The element of Z" corresponding 
to a given pair of partitions (of total length not exceeding n) is obtained by 
following the first partition with the negative reverse of the second, inserting 
as many zeros in between as needed to make an n-tuple. 

Under this bijection, the set vr = A+(ri;r, s) corresponds with the set of 
all pairs of partitions such that for some ^ t ^ min(r, s) the first member 
of the pair is a partition of r — t, the second is a partition of s — t, and the 
combined number of parts in the pair does not exceed n. 

5. SKin;r,s) IS A generalized Schur algebra 

In this section, we prove that the rational Schur algebra SK{n]r,s) may 
be identified with Donkin's generalized Schur algebra Sk{tt), where vr = 
A"'"(n;r, s) is the (saturated) set of dominant weights occurring in E^*^'* = 

5.1. We recall from \Do\ 3.2] that Sr{tt), for any integral domain R, is 
constructed as Hr/Ir where il^ = it^ ®z-R is the hyperalgebra taken over R 
and where Ir is the ideal of Hr consisting of all elements of Hr that annihilate 
every admissible ilij-module belonging to vr. A it/j-module is admissible if it 
is finitely generated and free over R; such modules are direct sums of their 
weight spaces. (Weight spaces are computed using the action of the zero part 
il^j. = il^ ®z -R of Hr, which is a set of commuting semisimple operators.) A 
ilij-module belongs to vr if every dominant weight of the module lies in the 
set vr. 

In particular, taking vr = A^(n; r, s), the set of dominant weights of Eq'"'*', 
we have Sr{tt) = Hr/Ir. In case R = Zwe denote this algebra by Sz{n; r, s). 
That it is an integral form for the rational Schur algebra is the content of 
part (b) of the next result. 
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Theorem 5.2. Fix n ^ 2, r, s ^ and let tt = A+(n;r, s) be the set of 
dominant weights occurring in Eq*^'** . Let K he an infinite field. 

(a) SK{n;r, s) = S'x(vr). 

(b) SK{n] r, s) ~ Sz{n; r, s) ®i K. 

Proof, (a) Let be the kernel of the representation ipx '■ End/^(E/^''''') 
(see fl3.6.4p ). Since E^^'^''* belongs to vr, is contained in 

Since Ek, E|f are irreducible Weyl modules, they are tilting modules. Thus 
Eft:^'* is a tilting module. (The category of tilting modules is closed under 
tensor products; see |Jant Part II, E.7].) Hence Ek^''^ has a A- filtration; that 
is, a series of submodules 

= Fo C Fi C ■ ■ ■ C Fm = E,^^'^ 

such that Fi+i/Fi ~ A(Aj) for each i. Here A(Aj) is the Weyl module of 
highest weight Aj G vr. 

In characteristic zero, every A(A) for any A G vr occurs as a filtration 
quotient (in fact, as a direct summand) of a A-filtration; see [St]. Thus for 
any K and any A G tt there must be some index i such that A = A^; in other 
words, A(A) is a sub-quotient of E;^'''*. It follows that the irreducible module 
L(A) of highest weight A is a sub-quotient of Ek^'^, and that any element of 
annihilates L{X). 

Hence any element of must annihilate every irreducible ilj^-module 
belonging to vr. This shows the opposite inclusion C Ik- Thus Ik = I'k 
and SK{n] r, s) = Sk{t^)- 

(b) This follows from [Dot (3.2b)]. Although in that reference the alge- 
braic group is semisimple, the results are equally valid in the reductive case. 
Alternatively, one can use 13.81 to reduce the question to the semisimple case, 
and then apply [Dol (3.2b)]. □ 

5.3. Note that Donkin [Dot (3.2b)] showed that the natural map Iz®zR 
Ir induces an isomorphism Si{ti) ®i R ^ Sji^n), for any integral domain 
R. Thus it makes sense to define Sptin; r, s) for any integral domain R by 
SR{n;r,s) = Sz{n;r,s) ®i R. In particular, SK{n;r,s) is now defined for 
any field K, not just for infinite fields. 

As an immediate consequence of the preceding theorem, we obtain the 
result that rational Schur algebras are quasihereditary, in the sense defined 
by Cline, Parshall, and Scott [CPS] . In particular, this means that rational 
Schur algebras have finite global dimension. 

Corollary 5.4. SK{n;r,s) is quasihereditary, for any field K. 

Proof. It easily follows from results of jPo] that any generalized Schur algebra 
(over a field) is quasihereditary. □ 
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An alternate proof of the preceding result may be given based on the 
cellular structure described in the next section. 

6. Cellular bases for 5'i^(n;r, s) 

The purpose of this section is to show that every rational Schur algebra 
Sxin; r, s) inherits a cellular basis from a certain ordinary Schur algebra, of 
which it is a quotient. 

6.1. Cellular algebras. For the reader's convenience, we recall the original 
definition of cellular algebra from Graham and Lehrer |GL] . 

Let A be an associative algebra over a commutative ring R, free and 
of finite rank as an i?-module. The algebra A is cellular with cell datum 
(vr, M, C, L.) if the following conditions are satisfied: 

(CI) The finite set vr is a partially ordered set, and for each A G vr there 
is a finite set M(A), such that the algebra A has an i?-basis {C^-^}, where 
(5*, T) runs over all elements of M(A) x M(A) and A runs over vr. 

(C2) The map l is an i?-linear anti-involution of A, interchanging Cg j, 
and g. 

(C3) For each A G vr, a G A, and S,T E M(A) we have 

U&M{\) 

modulo a linear combination of basis elements with upper index /i strictly 
less than A in the given partial order. 

Note that the coefficients VaiU, S) in the expression in (C3) do not depend 
onT G M(A). 

Suppose that A is cellular. For each A G tt, let A[^ A] (respectively, 
A[< A]) be the i?-submodule of A spanned by all C^j. such that ji ^ \ 
(respectively, < A) and S,T E M{fi). It is easy to see that A[^ A] and 
A[< A] are two-sided ideals of A, for each A G vr. If we choose some total 
ordering for the elements of vr, say vr = {A^^-*, . . . , A^*-*}, refining the given 
partial order ^ on vr, setting Ai = A[^ A^*^] gives a chain of two-sided ideals 
of A 

(6.1.1) {0} C AiC A2C ■■■ C At = A 

such that L{Ai) = Ai for each 1 ^ i ^ t. 

Axiom (C3) guarantees that, for any T G M(A), the i?-submodule of 
A[^ \]/A[< A] spanned by all 

(6.1.2) CIt + A[<\] (SgM(A)) 
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is a left y4-module. We denote this A-module by A^. The elements in f l6.1.2p 
form an i?-basis of this module, so is free over R of i?-rank |M(A)|. Thus 
X]/A[< A] is the direct sum of A^ as T runs over M(A); all these left 
A-modules are isomorphic to the abstract left A-module A (A) with basis Cs 
{S G M(A)) and action given by aCs = ^^ueMix) ^a.{U, S)Cu for any a E A. 
The module A (A) is called a cell module. 

By applying the involution l we may decompose A[^ X\/A[< A] into a 
similar direct sum of |M(A)| right A-modules, all of which are isomorphic 
with t(A(A)). In fact, the A-bimodule A[^ X\/A[< A] is isomorphic with 
A(A) ®R i(A(A)). Note that |KXj give an alternative approach to the theory 
of cellular algebras based on these bimodules. 

6.2. Cellular bases of Sxin^r). There are two well known cellular bases 
of a classical Schur algebra Sxin^r): the codeterminant basis of J. A. Green 
|G3j and the canonical basis (see |BLM] : |Du] ). The former is compatible 
with the Murphy basis [Mlt IM2] and the latter with the Kazhdan-Lusztig 
basis [KLj (for the symmetric group algebra or the Hecke algebra in type A). 
Both bases of SK{n,r) may be obtained by lifting the corresponding basis 
from the group algebra of the symmetric group. Alternatively, the latter 
basis may be realized by a descent from Lusztig's modified form (see |Luj ) 
of ilQ. (See [El §6.14] for details.) 

In both cases, one takes the set tt to be A^(n,r); this may be identified 
with the set of partitions of r into not more than n parts. The partial order 
on TT is the reverse dominance order; i.e., we have to read ^ as >. Here /i> A 
(for any /i = (/ii, . . . , /i„), A = (Ai, . . . , A„) G Z") if Ei^^i H > Ei^j^i \ 
for all i = 1, . . . , n. This is the partial order (with respect to the upper 
triangular Borel subgroup) on the set of weights Z" defined by /i > A if 
/i — A is a sum of positive roots. For each A G vr, the set M(A) is the set of 
row semistandard A-tableaux, i.e.. Young diagrams of shape A with entries 
from the set {1, . . . , n} such that entries strictly increase down columns and 
weakly increase along rows. In both cases there is a cellular basis {C\ j^} of 
SK{n,r), and in both cases the cell modules A(A) are isomorphic with the 
Weyl modules of highest weight A G vr. 

The codeterminant basis of SK{n,r) is quite simple to describe. Let C,j j 
for I,J E I{n,r) be the elements of Sxin^r) described in |G2t §2.3]. For 
each pair S*, T of row semistandard A-tableaux, for A G A"^(n, r), one obtains 
corresponding elements /, J G I(n, r) by reading the entries in left-to-right 
order across the rows of each tableau, in order from the top row to the 
bottom row. Then Cg rp = j where i = £{X) is the element of I(n, r) 

corresponding to the A-tableau with all entries in the ith row equal to i, as 
i varies through the rows. That this is in fact a cellular basis follows easily 
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from the straightening algorithm of Woodcock [Wo] . A g-analogue of this 
straightening algorithm was given in [RMGl] and a proof of the cellularity 
of the codeterminant basis can be found in |RMG2t Proposition 6.2.1]; that 
same argument is valid in the q = 1 case. 

6.3. The quotient map SK{n,r + (n — l)s) — SKin;r, s). Let C be the 
category of rational fiT-modules. There is a functor \l/ from C to C, sending 
V to V ^ det. This is clearly an invertible functor. For any s G Z we have 
a corresponding functor sending V to V ® det'^^ if s ^ 0, and sending V 
to V iS) (det~^)®l^l in case s < 0. Clearly is inverse to \E'* for any s G Z. 
In fact, \E''^' o \['* = \|/''+^ for any r, s G Z, and is the identity functor. 

Set X = Z^, regarded as additive abelian group, and consider its group 
ring Z[X], with basis {e(A) | A G X} and product determined by e(A)-e(/i) = 
e(A + yu) for A,yU G X. The formal character of V is the element of Z[X] 
given by chV = ^^^^^^(dim VA)e(A), where Vx is the A-weight space as in 
§4.1[ Clearly we have 

(6.3.1) ch(^^1/) = ^(dimVx)e(A + scj) 

for any V and any s. Here uj := (1") = (1, . . . , 1) G Z". In particular, if V 
is a highest weight module of highest weight A then '^'^V is a highest weight 
module of highest weight X + su (for any s G Z). 

The existence of the quotient map is motivated by the observation that 
\1>E|^ = ® det ~ A"-~^Ek (as KF-modules or il^-modules). The ex- 
istence of this isomorphism is clear from comparing the highest weight of 
each module (both are irreducible in any characteristic). Thus we have an 
isomorphism of rational i^T-modules 

(6.3.2) ^'{Ek^' ® E*j^^') ~ Ex®' (A^'^Ex)®' 

for any r, s ^ 0. The i^F-module A"~^Ex is the Weyl module of highest 
weight (1, . . . , 1, 0) G Z", and may be realized as a submodule of tensor space 
means of the Carter-Lusztig construction, as the submodule 
spanned by all anti-symmetric tensors of the form 

^ (-l)«isnWv,(,)®...®v.(,„_,) 

trG©„_i 

for any / = (ii, . . . , in-i) G I{n, n — 1). See |G2l 5.2, Example 2] for details. 

The above embedding 7 : A"~^Ex ^x®*'""^'' induces a corresponding 
embedding 

(6.3.3) E^®' ® (A"-iEk)®' ^ Ek^'' ® Ex®("-i)^ = Ex®('+("-')^) 
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obtained by using the identity map in the first r tensor positions and re- 
peating 7 in the rest of the factors s times. 

By results in ^we have an injective map Axin; r, s) — Ax{n,r + {n — 
l)s) given by c ^ c ■ for any c e Axin^r, s). Since d is a group-hke 
element, this map is a coalgebra morphism. By dualizing we therefore obtain 
a surjective algebra map 

(6.3.4) SK{r+{n-l)s) SK{n;r,s) 

for any r,s ^ and any field K. 

When n = 2 the rational Schur algebras are not new. More precisely, we 
have the following result. 

Proposition 6.4. The quotient map SK{2,r + s) ^ 5'/<'(2;r, s) is an iso- 
morphism of algebras, for any r, s ^ 0. 

Proof. This follows from the isomorphism det ^ Ek (when n = 2). 
This implies that \l/'^Ex'^'* — Ek'^^'^~^^\ and it follows by taking coefficient 
spaces that Ak{2; r, s) Ak{2, r + s) is an isomorphism of coalgebras. The 
result follows by dualizing. □ 

Return now to general n ^ 2, and let r,s ^ be given. Given any 
SK{n;r, s)-modu\e V, we may regard V as an Sxin^r + {n — l)s)-module 
by composing the action with the quotient map Sxin^r + {n — l)s) — »• 
5'i^(n;r, s). Denote by V the resulting Sxin.r + {n — l)s)-module. It is 
easy to see that V is isomorphic with = V ® det®**, as Sxin^r + 

(n — l)s)-modules. Since the weights A = (Ai, . . . , A„) G Z" of V satisfy 
the condition Aj G [— s, r] for each i = 1, ... ,n it is clear that the weights 
fi = (/ii, . . . , fin) G Z" of '^'^V satisfy the condition /ij G [0, r + s] for each 
i = 1, . . . ,n. 

Note that if is a highest weight module for SK{n,r + {n—l)s) of highest 
weight A, then \1/~'*V^ is a highest weight module for S'if(n;r, s) if and only 
if the weight A satisfies the condition Aj G [0, r + s] for each i = 1, . . . , n. 

Theorem 6.5. Let {C^ be any cellular basis of the ordinary Schur algebra 
SkIu, r + {n — l)s) such that vr = A+(r?,, r + {n — l)s) ordered by the reverse 
dominance order >. Then the kernel of the quotient map Sxin^r + (n — 
l)s) Sxin; r, s) is spanned by the set of all Cg j. such that /i has at least 
one part exceeding r + s. 

Proof. Set A = Sxin^r + (n — l)s). Set J equal to the sum of all ideals 
for /i G TT satisfying /Xj > r + s for some index i. The set of such /i 
is a saturated subset vr' of vr under the dominance order, and the two-sided 
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ideal J, regarded as a left A-module, is filtered by A(z/) for v G vr'. Thus J 
is contained in the kernel, so Sxin] r, s) is a quotient of A/ J. 

The quotient A/ J has a filtration by A(A) with A G tt — vr', and its 
dimension is ^;^(dim A(A))^ as A runs over the set vr — tt'. But dim A(A) = 
dim \E'~''A(A) = A(A — sou), so dim A/ J = ^^(dim A(/i))^ as fi runs over 
the set A"'"(n;r, s). Thus A/ J has the same dimension as SK{n;r, s). The 
proof is complete. □ 

Corollary 6.6. Under the quotient map SK{n, r + {n — l)s) —>■ SK{n; r, s), 
the images of all Cg for A satisfying the condition Aj ^ r + s (for i = 
1, . . . ,n) form a cellular basis of the rational Schur algebra Sxin; r, s) . 

To multiply two basis elements obtained by the procedure in the corollary, 
one computes their product in A = SK{n,r + {n — l)s) expressed as a 
linear combination of the other cellular basis elements, omitting any terms 
belonging to the ideal J = ^^g^/ ^[^/^] (in the notation of the proof of 16.51) . 

Note that if the cellular basis of 5'x(n, r + {n — l)s) is defined over Z then 
the same is true of the basis inherited by the quotient SK{n;r, s). Since 
the codeterminant and the canonical bases of Schur algebras both have this 
property, we see that in fact the above procedure gives cellular bases for 
Sz{n] r, s) which induce via change of base ring the corresponding cellular 
basis of Sxin; r, s) for each field K. 

6.7. Examples. As previously mentioned, 5'ii'(n;r, 0) = SK{n,r) for any 
r. By 13.91 we have an isomorphism S'x(^;0,s) ~ S'i^(?T,, for any s. 
Moreover, by 16.41 we have (2; r, s) ~ Sk{'2, r + s) for any r, s. 

Thus the smallest interesting new example is S'x(3; 1,1). According to 
16.51 this is a quotient of Sk{3, 3). The Weyl modules for Sk{3, 3) are 

A(3,0,0) dim = 10 
A(2,l,0) dim = 8 
A(l,l,l) dim = l. 

(The dimension of A(A), for a partition A G A+(r2, r), is the number of 
semistandard A-tableaux.) So 5'x(3,3) has dimension 165 = 10^ + 8^ + 1^. 
The quotient map A = S'i4'(3,3) S'x(3; 1, 1) has kernel y4[>(3, 0, 0)]; the 
kernel has dimension 100 and is spanned by all Cg rp for A = (3, 0, 0) as S, T 
varies over all pairs of A-tableaux. Thus S'i^(3; 1, 1) has dimension 65, and 
has two Weyl modules 

A(l,0,-1) = ^-iA(2, 1,0) dim = 8 
A(0,0,0) = ^-iA(l,l,l) dim=l. 
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One could at this point write out the elements of a cellular basis for ^/^(S; 1, 1) 
indexed by pairs of semistandard /i-tableaux for /i = (2, 1,0) and (1, 1, 1), 
and compute the structure constants with respect to the basis. 

The next simplest cases are S'x(3;2, 1) or S'ii'(3; 1, 2). These are related 
by Sk{S; 2, 1) ~ ^^(3; 1, 2)°pp; both algebras have dimension 270. Note that 
Sk{3, 2, 1) is a quotient of Sk{3, 4) while Sxi'i', 1, 2) is a quotient of Sxi^S, 5), 
according to 16. 5[ 

Now A+(3, 4) = {(4, 0, 0), (3, 1, 0), (2, 2, 0), (2, 1, 1)}. The Weyl modules 
for S'i^(3, 4) are 

A(4,0,0) dim = 15 
A(3,l,0) dim = 15 
A(2,2,0) dim = 6 
A(2, 1,1) dim = 3. 

The dimension of ^i^(3,4) is 495 = 15^ + 15^ + 6^ + 3^ The kernel of the 
quotient map A = ^i^(3,4) ^ 5x(3;2, 1) is A[>(4,0,0)] of dimension 225. 
Thus the Weyl modules for Sk{3', 2, 1) are 

A(2,0,-l) = ^-iA(3, 1,0) dim = 15 
A(l,l,-1) = ^-iA(2,2,0) dim = 6 
A(1,0,0) = ^-iA(2, 1,1) dim = 3. 

Again, one could write out a cellular basis at this point. 

Similarly, A+(3, 5) = {(5, 0, 0), (4, 1, 0), (3, 2, 0), (3, 1, 1), (2, 2, 1)} and the 
Weyl modules for Sxi'i, 5) are 

A(5,0,0) dim = 21 

A(4, 1,0) dim = 24 

A(3,2,0) dim = 15 

A(3,l,l) dim = 6 

A(2,2,l) dim = 3. 

In this case dim Sk{3, 5) is 1287 = 212 + 242 + 152 + 6^ + 32 and the kernel 
of the quotient map A = Sxi'i, 5) — > Sxi'i', 1, 2) is A[>(4, 1, 0)] of dimension 
1017 = 212 ^ 242. Note that the kernel contains A[>{5,0,0)]. The Weyl 
modules for S'i^(3; 1, 2) are 

A(l,0,-2) = ^-2A(3,2,0) dim =15 
A(l,-1,-1) = ^-2A(3, 1,1) dim = 6 
A(0,0,-1) = ^-2^(2,2, 1) dim = 3. 

As above, one could write out a cellular basis at this point. 

The next example would be S'x(3;2,2), which has dimension 994 and is 
realized as a quotient of S'i^(3,6) (of dimension 3003). We leave the details 
to the reader. 
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7. Generators and relations 

Another consequence of the existence of the quotient map fl6.3.4l) is a simple 
description of Sq^ti; r, s) by generators and relations, generalizing the pre- 
sentation of SQ{n,d) obtained in |DG2j . We recall the elements ei,...,en 
from the proof of Lemma I4.2t these elements form a natural basis for the 
set Z" of weights of F = GL„(i^). We set aj = Sj — ej+i for 1 ^ j ^ n — 1. 
These are the usual simple roots in type An-i- We have an inner product 
on Z" given by on generators by {Si^Sj) = 6ij. 

In the following we work over Q, but in fact Q may be replaced by any 
field of characteristic zero. 

7.1. We recall from |DG2t Theorem 1.1] that the algebra SQ{n,d) is iso- 
morphic with the associative algebra with 1 generated by symbols Cj, fi 
(1 ^ z ^ n — 1) and Hi [1 ^ i ^ n) subject to the relations 

(a) HiHj = HjHi 

(b) Cifj - fjCi = Sij{Hj - Hj+i) 

(c) HiCj - ejHi = {si, aj)ej, Hifj - fjHi = -{si, aj)fj 

(d) eje, - 2e.e,e. + e,ej = 0, fff, - 2/,/,/, + f.f^ = {\^ - j\ = 1) 

(e) CiCj = ejCi, fifj = fjfi {\i - j| ^ 1) 

(f) H, + H2 + --- + Hn = d 

(g) H,iH,~l)---iH,-d+l){H,-d) = 0. 

We also recall that Serre proved that the enveloping algebra il = is 
the Q-algebra on the same generators but subject only to relations (a)-(e). 
Thus the algebra Sqln, d) is a homomorphic image of il, by the map given 
on generators by Ci ^ Ci, fi ^ fi, Hi ^ Hi. 

Proposition 7.2. Assume that n ^ 2 and set A = SQ{n,d) with d = 
r + (n — l)s. Let A[tt'] = l-i^^.,^rA[>fi\ where vr' is the set of all fi in A"'"(n, d) 
such that at least one part fii exceeds r + s. Then the quotient algebra A/A[tt'] 
is isomorphic with the algebra given by the same generators as in §7. i| subject 
to relations \7.1^ a)-(f) along with 

(g') H,{H, -l)...(H,-r-s + l){H,-r-s) = 0. 

Proof. Since relation 17.1( g) is a consequence of relation (g') above it follows 
that the algebra A' given by the generators and relations of the proposition 
is a quotient of A. We let / be the kernel so that we have A' ^ A//. Clearly 
/ is generated by all Hi{Hi — 1) ■ ■ ■ {Hi — r — s + I) {Hi — r — s). To prove 
the proposition we must show that / coincides with the cell ideal ^[tt']. 

To see this we first observe that the idempotents 1^ e A (for fi G tt') all 
map to zero in the quotient A'. These idempotents were defined in |DG2j 
by l/j = rii ( '^^^ easily sees as in |DEI-H Lemma 5.3] that they 



THE RATIONAL SCHUR ALGEBRA 



25 



coincide with Green's idempotents defined in |G2[ §3.2]. These are in fact 
codeterminants: = C,i/C,e,i where I is an appropriate element of I(n, r) {i is 
the particular element of I(n, r) defined in l6.2p . This is an easy consequence 
of the multiplication rule \G2[ (2.3b)]. Let ^ = J2^f^ where the sum is taken 
over all n G vr'. Then = C for all codeterminants C in Afvr'], so it follows 
that C maps to zero in the quotient A' . Thus v4[7r'] C J. 

On the other hand, every other idempotent maps to a nonzero idempotent 
in the quotient A' , and thus it follows that every cell module A(A) indexed by 
some A G A+(?t,, d) — vr' is an irreducible A'- module. Since A' is a semisimple 
algebra it follows that 

dim^A'^ (dimQA(A))'. 

AGA+(n,d)-7r' 

But dimQy4' = dim^A - dimQj and dim^A = X]AeA+(n,d)('^^"^'Q ^(-^))^' 
we get 

dimQ J ^ y^(dim(Q A(;u))^ = dimQyl[7r']. 

Since A[k'] C / we conclude that / = A[t{'] by dimension comparison. The 
proof is complete. □ 

7.3. The proof of the preceding proposition reveals that the irreducible 
representations of A' = A/A[k'] are precisely the A(A) with A G A'^{n,d) 
such that each part Aj G [0, r + s]. As already noted in ^ this set of modules 
is in bijective correspondence with the set of irreducible Sq^ti; r, s)-modules. 
Now we consider the effect of replacing the generators Hi in A' with new 
generators H[ = Hi — s. This induces an algebra automorphism of A' , and 
has the effect of changing the defining relations slightly, to the following: 

(a) H[H'^ = H'^H[ 

(b) e,/,-/,e, = 5,,(/Jj-/Jj+i) 

(c) H'^ej - ejHl = {e,, aj)ej, H'Jj - fjH[ = -(e^, aj)fj 

(d) efe,- - 2e,e,e. + e,ej = 0, f^f, - 2/,/,/, + = (|z - j| = 1) 

(e) CiCj = ejCi, fifj = fjfi {\i ~ j\ ^ 1) 
{i)H[ + H'^ + --- + H'^ = r-s 

(g') {H[ + s){H[ + s-l)---{H[-r + 1){H[ - r) = 0. 
This algebra should be regarded as a quotient of il via the map given on 
generators by Cj, fi — > /j. Hi — > H[ + s. By the remarks preceding 

Theorem 16. 5[ the irreducible modules for A' now become precisely the set of 
irreducible il-modules whose highest weights belong to the set A"'"(n;r, s). 
This gives the following result. 
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Theorem 7.4. For n ^ 2, the algebra SQ{n;r,s) is isomorphic with the 
associative algebra with 1 given by the generators Ci, fi {1 ^ i ^ n — 1) and 
H[ {1 ^ i ^ n) subject to the relations \ 7. '^ a)-( g '). 

Of course, this algebra is isomorphic with A'. By the theory of semisimple 
algebras, it makes no difference whether we regard the irreducible represen- 
tations for the algebra as the A(A) for A G vr' or the A(A) for A G A"'"(n; r, s). 

Remark 7.5. In light of results of jDG2 j it is now clear how one might define 
a natural candidate for the rational g-Schur algebra. It is the Q(f )-algebra 
{v an indeterminate) given by generators Ei, Fi {1 ^ i ^ n — 1) and K'- 
{1 ^ i ^ n) with relations 

(a) KIK^ = K'^K[ 

(b) E^F, - F,E, = ""-^^ 

(c) K'iEj - EjK'i = K'^Fj - FjKl = i;-^'"^)^^ 

(d) EfEj-{v+v-')EiEjEi+E,Ef = 0, FfF,-{v+v~^)F,F,Fi+FjFf = 

(K-Jl = l) 

(e) EiEj = EjEi, FiFj=FjFi 

(f) K[K',---K = v^-^ 

(g') (K; - v-%Kl - ■■■m- v^-^){K[ - vn = 0. 

8. Schur-Weyl duality 

Let K he 8i field of characteristic zero. Classical Schur-Weyl duality, based 
on tensor space Ek^'^ = Ek^"^ ^ has been extended in [BJ to mixed tensor 
space Ek^'"^ = Ek'^^ ® E|^®*. Thus we may regard the rational Schur algebra 

(n) 

as a centralizer algebra for the action of a certain algebra ^r,s , the so-called 
walled OT rational Bra-uer algebra. This diagram algebra is cellular }GM] . 

(x) 

8.1. The Brauer algebra ?Br . This algebra was introduced in Brauer 
[Br] . Let i? be a commutative ring, let R[x] be the ring of polynomials 
in an indeterminate x, and consider the free i?[a;]-module QSr^"* with basis 
consisting of the set of r-diagrams. An r-diagram is an (undirected) graph 
on 2r vertices and r edges such that each vertex is incident to precisely 
one edge. One usually thinks of the vertices as arranged in two rows of r 
each, which are then called the top and bottom rows. Edges connecting two 
vertices in the same row (different rows) are called horizontal (resp., vertical). 
We can compose two such diagrams Di, D2 by identifying the bottom row 
of vertices in the first diagram with the top row of vertices in the second 
diagram. The result is a graph with a certain number, S{Di, D2), of interior 
loops. After removing the interior loops and the identified vertices, retaining 
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the edges and remaining vertices, we obtain a new r-diagram Di o D2, the 
composite diagram. Multiphcation of r-diagrams is then defined by the rule 

(8.1.1) Di- D2 = x^^^''^''\Dio D2). 

One can check that this muhiphcation makes QSr^"* into an associative alge- 

(x) 

bra. Note that the subalgebra of spanned by the diagrams containing 
just vertical edges may be identified with the group algebra R[x]&r. 

8.2. The walled Brauer algebra. The walled Brauer algebra (also called 
the rational Brauer algebra) is a certain subalgebra of which first 
appeared in [B]. Some examples and further details may be found in |D2] . 

By definition, an (r, s)-diagram is an (r + s)-diagram in which we imagine 
a wall separating the first r columns of vertices from the last s columns of 
vertices, such that: 

(a) all horizontal edges cross the wall; 

(b) no vertical edges cross the wall. 

Let Q3rfi be the subalgebra of ^l^^s spanned by the set of (r, s)-diagrams. 
This is a subalgebra of 53^+^, with multiplication in *Brfi the same as that 

of ^.[.+5. Given an (r, s)-diagram, interchanging the vertices in each column 
on one side of the wall results in a diagram with no horizontal edges. Thus 
there is a bijection between the set of (r, s)-diagrams and &r+s- It follows 
that ^Brfs'* is a free i?-module of rank {r + s)\. 

Label the vertices on the top and bottom rows of an (r, s)-diagram by the 
numbers 1, . . . , r to the left of the wall and — 1, . . . , — s to the right of the 
wall. Let Ci-j (1 ^ z ^ r; 1 ^ j ^ s) be the diagram with a horizontal 
edge connecting vertices i and —j on the top row and the same on the 
bottom row, and with all other edges connecting vertex k {k ^ i, —j) in 
the top and bottom rows. Given cr e ©r let denote the (r, s)-diagram 
with the diagram corresponding to a appearing to the left of the wall and 
the identity to the right. Similarly, given r G let t'^ denote the (r, s)- 
diagram with the diagram corresponding to r appearing to the right of the 
wall and the identity to the left. It is easy to see that QSrfi is generated by 
the permutations {t„,t'^} along with just one of the Ci-j. 

8.3. Now we specialize to R = K, a field, and set x = n ■ l/< G K, where 
as usual n = dimx E^. The resulting i^'-algebra ^i^} acts on E^'^''^, on 
the right, as follows. A permutation diagram tg. {a G Gr) acts by place 
permutation on the first r factors of Ek^''^ = Ek'^'^ ® E^*^*. Similarly a 
permutation diagram t'^ (r G &s) acts by place permutation on the last s 
factors of Ek^'"^. Finally, the element Cr,-i acts as a contraction in tensor 
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positions (r, — 1); i.e., 

(Vjj ® • ■ ■ ® Vj^ (g) V^.^ (g) • ■ ■ (g) V^.J Cr-l 
(8.3.1) /\-~\n I \ / I 

= Kji'^ii ® • • ■ ® "^ir-i ® (Lfe=i Vfc ® v^) ®Vj^(g)---(g) yj^. 
The other Cj^_j similarly contract in the {i, — j)th tensor positions. 

(n) 

One checks that the above action of *Br-,s commutes with the natural 
action of F = GLn{K). 



8.4. Double centralizer property. Assuming that is a field of charac- 
teristic zero and n ^ r + s, it has been shown in [B] (see also [K]) that the 
two commuting actions on E^'^''* mutually centralize one another. In other 
words, 

p^(i^r) = End^w(Ex'-'^), 

(8.4.1) 

r^(^S) = Endr(EK^'^) 

(n) 

where tk is the representation of Q5r,s affording the previously defined action 
of on Ex"''. 

When K is any infinite field, we have the equality Sxin; r, s) = pk{KT), 
by 13.5.41 It follows that the dimension of pxiKT) is independent of the 
(infinite) field K. Moreover, still for K infinite, we also know that the 
dimension of Endr(E/^'"''*) is independent of K, since the module E^^'** is 
tilting. (This follows by a simple induction using filtrations, and the well- 
known fact that Homr(A(A), V(/i)) is if A = ;U and otherwise.) 

Thus, in order to show that (18.4. ip holds for any infinite field K, one need 
only prove that the dimensions of r/^(Q3r"i) and End„(n) (E/^ ''''*) are indepen- 
dent of K. In other words, the question amounts to knowing something 
about the representation theory of ?Br"i. In case n ^ r + s the authors 
have shown, by an argument similar to one in [DDHt Theorem 3.4], that tk 
is injective in any characteristic, i.e., the algebra Q3r"i acts faithfully, so in 
that case the independence of dim^^ rx(?Br"i) can be established. Details 
will appear elsewhere. 

Since Sxin; r, s) = pk{KT), we have in characteristic zero for n ^ r + s 
the equality 

(8.4.2) ^^(n;r,s) =End„(„)(E^^'^). 



If (18.4.11) can be established for all K, and for all n, then (18.4.21) will be true 
without restriction on n or characteristic. 
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